COMPACT OPERATORS IN TRO'S 



G. ANDREOLAS 



Abstract. We give a geometric characterization of the elements of a TRO 
that can be represented as compact operators by a faithful representation of 
the TRO. 



1. Introduction 

A ternary ring of operators (or simply, TRO) between Hilbert spaces H 2 and Hi 
is a norm closed subspace V of B(H 2 , Hi) which is closed under the triple product 

V x V x V 3 (x, y, z) M> xy*z £ V. 

A TRO V C B{H 2 , Hi) is called a w*-TRO if it is w*-closed (equivalently, weak op- 
erator closed, or strong operator closed) in B(H 2 , Hi). TRO's were first introduced 
by Hestenes [9] and since then they have been studied by many authors. In general, 
a TRO V can be identified with the off-diagonal corner (at the (1,2) position) of its 
linking C*- algebra 

A(V)=( £, V v \ CB(Hi(SH 2 ), 

where C and V are the C*-algebras generated by VV* and V*V respectively. 

If S is a nonempty subset of the unit ball of a normed space X , then the con- 
tractive perturbations of S are defined as 

cp(5) = {x e X | ||x ± s|| < 1 Vs e S} . 

It is clear that Si C ^2 implies cp^i) 2 cp(c>2). Also, an element x of the unit 
ball of X is an extreme point if and only ifcp({a;}) = {0}. We shall write cp(x) 
instead of cp({x}). 

One may define contractive perturbations of higher-order by using the recursive 
formula cp n+1 (<S) = cp(cp™(5)) , n £ N. It is clear that cp(5) is a norm-closed 
convex subset of the closed unit ball of X. One can also verify that S C cp 2 (5); 
from this it follows that cp 3 (5) = cp(«S). The second contractive perturbations 
were introduced in [2], In [5] it is proved that the set of the second contractive 
perturbations of an element a of a C*-algebra A is compact in the norm topology if 
and only if there exists a faithful representation <fi of A such that <p(a) is a compact 
operator. Further study was conducted in [I], [3], 0] and [11]. We shall see that 
this characterization is not valid for the elements of a TRO. 

In this work we characterize the elements of a TRO that are represented as 
compact operators by a faithful representation of the TRO, in terms of the size of 
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their contractive perturbations. We show that there exists a faithful representation 
4> of the TRO V that maps an element a of the unit ball of V to a compact operator 
if and only if the set of its second contractive perturbations is weakly compact. 
It follows from [2] and our result that for an element a of a C*-algebra A the set 
cp 2 (o) is compact if and only if it is weakly compact or, equivalently, there exists 
a faithful representation tt of A such that 7r(a) is a compact operator. 

Ylinen proved in [16] and [17] that for an element a of a C*-algebra A the operator 
x — > axa on A is compact if and only if it is weakly compact or, equivalently, there 
exists a faithful representation n of A such that 7r(a) is a compact operator. Wc 
obtain an analogous result for the operator x — > ax*a on a TRO. 

Notation. Throughout, we adopt the following notation: H\ and H2 are Hilbert 
spaces, B(H2, Hi) the space of all bounded linear operators H2 —>Hi and IC(H2, Hi) 
the space of all compact operators H 2 — > H\. In particular B(H\) = B{H\,H\) 
and K(H U H-C) = £(#1). V is a TRO that is a subspace of B{H 2 ,Hi). Let X be 
a Banach space, y C A" a subspace and aey. Then by cp^(a) we denote the set 
of the n-th contractive perturbations of a computed with respect to y. If r is a 
positive number, then by X r we denote the closed ball of center and radius r. Let 
x, y be elements of a Hilbert space H. We denote by x <g> y the rank one operator 
on H defined by 

(x(g>y)(z) = (z,x)y. 
2. Preliminaries 

Let V and W be two TRO's. A linear map <j> : V -> W is called a 1720- 
homomorphism if it preserves the ternary product 

<p(xy*z) = <p(x)<p(y)* <p(z) 
for all x,y,z G V. If, in addition is an injection from V onto W, we call </> 
a TRO -isomorphism from V onto W. A TRO-homomorphism </> from a TRO V 
into the set of all bounded operators from one Hilbert space to another, is called 
a representation of V. We will say that a representation (j) : V — > B(H2, Hi) is a 
faithful representation of V if is injective. It was shown in [8, Proposition 3.4] 
that every faithful TRO-representation is an isometry. 

Proposition 2.1. Let Hi and H2 be Hilbert spaces, V C B(H2,H±) a TRO and 
A(V) its linking algebra. If a is in the unit ball ofV, then cp^,y%(a) C cpy(et). 

Proof. First we note that if £ is a Banach space and b £ £ has the property 
\\x + b\\ < 1 for all a; £ £ with ||x|| < 1, then 6 = 0. Indeed, if the above property 
holds for some 6^0, then taking x = b/\\b\\ we have ||£>/IHI + Ml — 1 which implies 
H&ll = 0. This yields a contradiction. 
Let 

(&3 h ) GCP W«)- 

We can easily see that 

( I ) ecp W a ) 
for every x € cp v (a) and y £ V* with ||y|| < 1. So, it follows directly that 
&2 £ cpy( a ) while from the remark at the beginning of the proof it follows that 
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63 = 0. Wc have that 



bi b 2 

y h 

Thus, if r\ £ H±, we have that 



is a contraction for every y £ V* with < 1. 



a) iiMir+iiwir<n»?r 

for all y £ V* with ||y|| < 1. Since the strong*-topology of V* is finer than its 
strong topology, it follows form [51 Theorem 3.6 (Kaplansky density theorem)] that 

the inequality (JTJ holds for all y in the closed unit ball of V* W . Therefore, for all 

partial isometries y £ V* W , we have < b\b\ +y*y < 1. Denoting by p y the domain 

projection y*y of a partial isometry y £ V* W , it follows that < b\b\ < 1 — p y . 
Multiplying by p y , we deduce that p y b\bip y — or b\p y — 0. Let II be the set of 

all partial isometries of V* W and p the orthogonal projection onto the closed linear 
span of the subspaces {p y (H 2 )} y£ n- Then we have proved that b\p = 0. On the 
other hand, we can see that bip 1 - = 0, since 61 is in the C*-algebra generated by VV* 
and V*™ is generated by its partial isometries [HI Theorem 3.2]. Hence, we have 
proved that b\ = 0. By symmetry, we obtain 64 = 0. Thus, we showed that each 
element of cp\, v s(a) is in V. The fact that cp^/ v %(a) C cpy(a) is immediate. □ 

Remark 2.2. The containment in the last proposition may be strict. We shall give 
an example. Let Hi and H 2 be Hilbert spaces with dim Hi = 00 and dim H 2 < 00 
and u : H 2 — > Hi an isometry. Let V = B(H 2 , Hi). Since u is an extreme point of 
V p2], the set cp^(w) is equal to the unit ball of V. Now, A(V) = B{H X © H 2 ) and 
it follows from [2j Corollary 2.4] that cp^ v ^(it) is compact. Hence, the inlusion 
c Pa(v)( u ) *- c Pv( M ) ^ s strict. Considering the identity representation of V in this 
example, one can see that the implication (i) => (it) of [2 Theorem 2.2] does not 
hold for TRO's. 

Remark 2.3. It is known that the linking algebra A(V) is just the C*-envelope 
C*(V) of the TRO V. Therefore, the inclusion in Proposition 12.11 in the case of 
an operator space O would be cp^,,, Aa) C cp^(a). Now, we shall see that this 
inclusion does not hold in operator spaces in general. 
Let H be an infinite dimensional Hilbert space, 

AW 



O 







a 

fi Id 



The C*-algebra generated by O in B(H Q 

Xld + a b 



/j, Id + d 



a £ K{H),\, n £ 
H) is 

a, b,c,d £ IC(H), A, fx £ C 



If I is a proper ideal of Cq, h@h ^ (O), then 1 contains K,(H © H), the compact 
operators on H © H and, consequently, the quotient space Cb(H®h) i®)/-^ is finite 
dimensional. Therefore, C*(0) = Cg, H@H AO). Then if we consider the operator 



we see that 

c Pc„* 0) = 



Xld 



Id 




A £ C, x £ JC{H), ||AW + .t|| < 1 
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and that 



cPo(s) 



A 




Ae C, |A| < 1 



Proposition 2.4. Let Hi and H 2 be Hilbert spaces with dim H\ = 00 and dim H2 = 
00 and V C B{H2, H\) a TRO. Let a = Ej^i XiUi £ V be a norm one compact 
operator, where {ui}°^i are finite rank partial isometries such that UiU* = 0, u*Uj = 
for i ^ j and is a sequence of positive numbers decreasing to 0. Let 

efc = Ei=i u t u i an d fk = E»=i u i u t- If x * s an V contraction in V, then 

(1) ||a±(l-A fe )/^||<l, 

(2) efc and fk are in the C* -algebra generated by V*V and VV* respectively, 

(3) ftxej: G V. 

Proof. (1) Let y be a contraction in V. From |12] we know that 

||a±(iH«1) 1/2 y(i-M) 1/2 jl<i. 

Simple computations show that 



a ± hra-A,) 1 



/2 



< 1, 



where e = [{w*Ui}igN] and / = [{ujit*}i g N]. Now setting 



(l-A fc )V 2 



UjU, 



+ (i-x k ) 1/2 f 



^ (1-A,-) 1 / 2 '' 



+ (1-A fe ) 



l/2 e X 



where x € V is a contraction, we get the result. 

(2) Assume that Ai = 1. We define a sequence (ai)i e pj in V, where a\ = a and 
in = o>n-i a n-i a n-i- Simple computations show that limn-^ a n — u\ is in V. 
That means a — u± = E°^2 ^i u i lii m V and using the same argument for a — u± 
we deduce U2 € V and continuing in the above fashion, we inductively get u n 6 V 
for all n G N. Hence, u* € V* for all n G N. It follows that e k = Ei=i = 



(Ef =1 ^)(ELiOeVV* 

(3) Since a; G V, xe^ G V, JfcX G V and fkxfk G V, it follows that fj^xe^ 



(£f=i «»(£IU «™) e V*V and / fc = E- =1 



(1 - /fe)a;(l — e*.) = as — ire fc - / fc x + f k xe k is in V. 



□ 



Proposition 2.5. Lei i?i and H2 be Hilbert spaces with dim H\ = 00 and dim i?2 = 
00 and V C B(H 2 ,Hi) a TRO. If C is the TRO that consists of all compact oper- 
ators ofV, then cpy(a) C cp 2 (a) for all a G C. 

Proof. Let a G C. It suffices to show that cp v (a) C K,(H 2 , Hi). We shall show that 
if x £ V\C, then x cp v (a). Since the operator x is not compact, there exists an 
e > such that for all finite rank projections /, e on Hi, and respectively, the 
inequality 

||/ X ze x ||> £ 

holds, where = 1 — / and = 1 — e. Given that the operator a is compact, 
there exists a unique sequence of positive numbers (A;)ieN desceasing to and a 



COMPACT OPERATORS IN TRO'S 



5 



sequence {ui}^ 1 of finite rank partial isometries with uiu* = 0, u*Uj = for i ^ j 



such that 



oo 

E 

1=1 



A,; 



Let efc = 2i=i anc ^ fk = J2i=i u i u i f° r au & e N. From Proposition 12.41 
we know that if y is any contraction in V, then (1 — \k)ftv e k e c Pv( a )- Thus, it 
suffices to find a fc 6 N and a contraction t/g V such that |x± (1 — ^k)fkV e k\\ > 1- 

We choose k so that Afc < e, set = f^xe^r and y = £k/||a:fc||. The following 
computations complete the proof 

\\x + (1 - Xk)ftv4\\ > hk + (1 - A fc )y|| - 



x k + (1 - A fe ) 



•Tfc 



INI 



INI 



1 + (1-A fc ) 



i 



INI 



N|| +(1- Afe) >£ + !-£ = 1. 



□ 



3. The Main Results 

We have seen in Remark 12.21 that the characterization given in [2J Theorem 2.2] 
does not hold for TRO's. In this section we shall show that there exists a faithful 
representation <fi of the TRO V that maps an element a £ Vi to a compact operator, 
if and only if the set cpy(a) is weakly compact. This is one of the main results of 
this work. 

Note that if ir is a faithful representation of a TRO V, we can identify V with 
tt(V). 

Lemma 3.1. Let a be a non-compact selfadjoint operator in B(H)%. Then there 
exists £ > and an infinite dimensional projection p on H such that B(p(H)) e 2 j 2 C 
aB(H) 1/2 a. 

Proof. Let us assume that a is a non-compact selfadjoint contraction. We shall 
denote by E the unique spectral measure relative to (a(a),H) such that a = J zdE, 
where z is the inclusion map of o(a) in C. From [7j Proposition 4.1] there exists an 
e > such that the projection p = E({z 6 cr(a) : \z\ > e}) is infinite dimensional. 
Denote by a p the operator in B(p(H)) such that a p (h) — ap(h) = pa(h) for all 
h G p(H). The operator a p is invertible. Let us assume that the operator T is in 
pB(H) e2/2 p = B(p(H)) e 2 /2 . Then 

||(o p )- 1 T(o p )-i<||(a |( )- 1 || a ||T||<~ = i. 

Therefore, 

T = a p {{a p y 1 T(a p )~ 1 )a p e a p B(p{H)) 1/2 a p C apB{H) 1/2 pa. 

So, 

B(p(H)) s2/2 =pB(H) s y 2 p C a P B(H) 1/2 pa C aB(H) 1/2 a. 

□ 

Proposition 3.2. Lei a be a contractive operator on a Hilbert space H . Then the 
operator a is compact if and only if the set cpg^ (a) is weakly compact. 
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Proof. The forward implication is trivial from [2, Corollary 2.4]. 

Conversely, suppose that the operator a is non-compact. The polar decomposi- 
tion of a has the following form 

a — v\a\, 



where v is a partial isometry, such that u*w|a| = |a| and dom(i>) = |a|(if). From 
Lemma |3. II we know that there exists e > and an infinite dimensional projection 
p such that 

v P B(H) E 2 /2 pCv\a\B(H) 1/2 \a\. 
Therefore, the following inclusions hold 

B(p(H),vp(H)) e y 2 = vpB(H) e2/2 p C v\a\B(H) 1/2 \a\ = 

v\a\B(H) 1/2 v*v\a\ C v\a\B(H) 1/2 v\a\ = aB(H) 1/2 a C cp| (K) (a). 

The last inclusion follows from [3J Proposition 1.2]. Since v is a non-compact partial 
isometry, B(p(H),vp(H)) £ 2 / 2 is not weakly compact [7J Chapter V, Theorem 4.2]. 
The proof is complete. □ 

Theorem 3.3. Let A be a C*-algebra and a G A\. Then there exists a faithful 
representation (j) of A such that (f>(a) is a compact operator if and only i/cp 2 (a) is 
a weakly compact set. 

Proof. The forward implication follows from 2, Theorem 2.2]. 

Conversely assume that 4>{a) is a non-compact operator for all faithful repre- 
sentations <j) of A. Let be a maximal family of pairwise inequivalent 
irreducible representations of A and let </> be the reduced atomic representation 
((/), X^ie/ ®Hi). Since all 4>i are irreducible representations, the SOT-closure of 
4>{A) equals Yliel Kaplansky's Density Theorem shows that 4>(Ai) is 
SOT-dense in (J2iel ©#(#i))i and so <p(a)()>(Ai/ 2 )(f>(a) is SOT-dense in 



iei 



®(l>i{a)B{H l ) 1/2 <j) l {a). 



However, [2j Proposition 1.2] shows that 4>(a)<fi(Ai/ 2 )(f)(a) is contained in the set 
cp 2 ((/)(a)), which is a SOT-closed set. Thus 

]®Ma)B(Bi) 1/2 Ma)j Q cp 2 (0(a)). 

The operator (j)(a) is not compact, since the reduced atomic representation is faith- 
ful. Thus, there are two cases. 

Assume first that there exists an i a <E / such that 4>i {a) is a non-compact 
operator on Hi o . Therefore, from the proof of Proposition 13.21 there exists an 
infinite dimensional projection p 6 B(Hi o ), a non-compact partial isometry v and 
an e > such that B(p(Hi o ), vp(Hi o )) £ 2 / 2 C (f> io {a)B(Hi o ) 1 / 2 (j)i o (a). It follows that 
B{p{H lo ),vp{H lo )) e 2 /2 ®Y Jl ^i-{ lo }®4>t{a)B{Hi) l/2 4> t {a) C cp 2 (a). Therefore the 
set cp 2 (4>(a)) is not weakly compact since B(p(Hi o ), vp(Hi o )) e 2 / 2 is not a weakly 
compact set. 

Assume now that <fn{a) is compact for all i G /. Since 4>(a) is not compact there 
exists an e > such that the set {i E I : ||</>j(a)|| > e} is infinite. Then the set 
J2iei ® < t ) i{ a )B{Hi) 1 / 2 (l) i {a) is not compact since it contains a copy of an ball [7J 
Chapter V, Theorem 4.2]. This completes the proof as the last set is contained in 
cp 2 (a). □ 
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Remark 3.4. Let A be a C*-algebra and a 6 Ai. Then by the theorem above and 
[2 Theorem 2.2], the following assertions are equivalent: 

(1) There exists a faithful representation (0, H) of A so that 4>(a) is a compact 
operator. 

(2) The set cp 2 (a) is norm compact. 

(3) The set cp 2 (a) is weakly compact. 



Let (j) : V — > B(H2,Hi) be a representation of a TRO V and K\ C iJi and 
K2 C iJ 2 closed subspaces. A pair of subspaces (_K2,-Ki) is said to be (^-invariant 
if 4>(V)K2 C i^! and </>(V)*-?£Ti C if 2 - The representation <f) is said to be irreducible 
if (0, 0) and (H2, Hi) are the only 4>- invariant pairs. 

Two representations fa : V — > B(H{, H\) of V, i = 1, 2 are said to be unitarily 
equivalent, if there are unitary operators t/i : if* —> Hf, i = 1, 2 such that </>i(a;) = 
t/ 2 * 02 (»[/!, for all x e V. 

Let (4>i)i£i be a maximal family of pairwise inequivalent irreducible representa- 
tions of V, <f>i : V — >• B(H2,i,Hi yi ). Their direct sum = ®i£i(j>i is the reduced 
atomic representation of V. It follows from Lemma 3.5] that an irreducible rep- 
resentation of a TRO is the restriction of an irreducible representation of its linking 
algebra. Therefore, the reduced atomic representation of a TRO V is the restriction 
of the reduced atomic representation of its linking algebra A{V). 

Theorem 3.5. Let V be a TRO and o 6 Vi. The following are equivalent: 

(1) cpy(a) is a weakly compact set. 

(2) There exists a faithful representation it of V such that n{a) is a compact 
operator. 

(3) <p(a) is a compact operator where (f> is the reduced atomic representation of 
V. 

Proof. First we show that (1) is equivalent to (2). Suppose that the set cp v (a) 
is weakly compact. From Proposition 12.11 we know that cp^ v ^(a) C cpy(a) and 
therefore the set cp^ v ^(a) is weakly compact. Now, by Theorem 13.31 there exists 
a faithful representation 7r of V that maps a to a compact operator. 

Conversely, suppose that tt is a faithful representation of V such that 7r(a) is a 
compact operator. We may assume that both H\ and H2 are infinte dimensional 
Hilbert spaces. Identifying V with 7r(V), Proposition 12.51 states that cpy(a) C 
Vn/C(ff 2 ,ffi) C K(Hi®H 2 ). The set cp^a) is WOT-closed. Since the relative w* 
and WOT-topologies on the closed unit ball of B(Hi © H2) coincide, [T31 Theorem 
4.2.4.], cpy(a) is a w*-closed set. From the Banach-Alaoglu theorem we deduce 
that cpy(a) is a w*-compact set. By [TU1 Proposition 10.4.3], the weak topology on 
K,{H\ © H2) coincides with the relative w*-topology on K,(H\ © H2) and therefore 
cpy(a) is a weakly compact set. 

Obviously (3) implies (2) since ^ is a faithful representation. So, we only need 
to show that (1) implies (3). From Proposition 12.11 we know that cp^y^a) C 
cpy(a). Therefore the set cp^ v ^(a) is weakly compact and from Theorem \^TS\p(a) 
is a compact operator, where p is the reduced atomic representation of A(V) [3J 
Theorem 2.2]. The operator cj)(a) is compact since (f> = p\y. □ 
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Statement (3) of Theorem 13.51 ensures that the elements of V that are mapped 
to a compact operator by a faithful representation of V form a subTRO. 

Remark 3.6. Let A be a C*-algebra which acts on a Hilbert space H and contains 
K-(H), the set of compact operators on H. If a G Ai, the following assertions are 
equivalent: 

(1) a is a compact operator. 

(2) The set cp 2 (et) is norm compact. 

(3) The set cp 2 (a) is SOT-compact. 

(4) The set cp 2 (a) is weakly compact. 

Proof. From [2] Corollary 2.4.], we know that (1) and (2) are equivalent. 
That (2) implies (3) is obvious. 

Now we show that (3) implies (1). The following arguments are similar to those 
of [21 Lemma 2.1]. Since cp 2 (a) is SOT-compact and a(/C(7?)) 1 / 2 a Q c P 2 ( a ), the 
set a(K,(H))i/ 2 a is SOT-precompact. Let {f n }^Li be a bounded sequence in H. 
Without loss of generality we may assume that ||/„|| < 1/2, for all n G N. Let e be a 
unit vector in (keia*) ± . For every n £ N, let x n — e®/ n . Then ax n a = a*e®af n . 
Since a(K,(H))i/ 2 a is a SOT-precompact set, the sequence {(a*e®a/ rl )(/i)} rag N has 
a convergent subsequence for every h £ H. thus, the sequence {(h, a*e)af n } ne iq has 
a convergent subsequence and therefore {a/„} rag N has a convergent subsequence. 
Hence, a is a compact operator. 

Obviously (1) implies (4). So, it suffices to see that (4) implies (1). Let us 
assume that a is a non-compact operator in A. Following the arguments of the 
proof of Proposition 13.21 we can easily see that there exists an e > 0, an infinite 
dimensional projection p and a non-compact partial isometry v on p(H) such that 
JC(p(H), vp{H)) e 2/ 2 C cp 2 4 (a). Since the ball )C(p(H), vp(H)) E 2/ 2 is not weakly 
compact, the set cp^(a) is not weakly compact. □ 

The following example shows that the compactness of an element it of a TRO 
does not imply the SOT-compactness of cp 2 (w). 

Example 3.7. Let V be the TRO B(H2,Hi) where Hi is an infinite dimensional 
Hilbert space and H2 a one dimensional Hilbert space. The unit ball of £>(7?2,-Hi) 
is not SOT-compact. Indeed, if {e ® /„}„gN is a sequence in B(H2, Hi), where e 
is a unit vector of H2 and {f n } an orthonormal sequence of Hi, then the sequence 
{(e ® / n )(e)} = {(e, e)/„} = {/„} has not a convergent subsequence. Consider an 
isometry u S V. Then u is compact and cp 2 (u) = Vi is not a SOT-compact set. 

The set cp 2 (a) of the remark above is always WOT-compact since the WOT- 
topology of B(H) coincides with its w*-topology on its closed unit ball. Therefore, 
the WOT-compactness of cp 2 (a) can not be equivalent with the statements of Re- 
mark 13.61 

Vala introduced the notion of compactness in a normed algebra in [15] . He 
defined an element a of a normed algebra to be compact if the mapping x — > axa 
is compact. 

Definition 3.8. A linear mapping u : V —> V is called a weakly compact operator 
on V if {u(x) : \\x\\ < 1} is relatively weakly compact in V. 

We shall use the following theorem. It was proved by K. Ylinen in [16] and [17) . 
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Theorem 3.9. Let a be an element of the C*-algebra A. The following conditions 
are equivalent. 

(1) There exists a faithful representation <fi that maps a to a compact operator. 

(2) The operator u : V — > V, u(x) = axa is compact. 

(3) The operator u : V — > V, u{x) — axa is weakly compact. 

Bunco and Chu in |6| establish several theorems classifying compact and weakly 
compact JB*-triples. A JB*-triple A is said to be (weakly) compact if the antilinear 
operator x — > {axa} is (weakly) compact for each a € A, where { } denotes the 
ternary product. It follows from [SJ Theorem 3.6] that a TRO V is isomorphic to a 
subTRO of fC{H) for some Hilbert space H if and only if the mapping a — > ax*a is 
compact or equivalently weakly compact, for all a £ V. Next theorem characterizes 
the compact elements of a TRO V. 

Theorem 3.10. Let a be an element of a TRO V. The following conditions are 
equivalent: 

(1) There exists a faithful representation ir that maps a to a compact operator. 

(2) The operator u : V — > V, u(x) — ax* a is compact. 

(3) The operator u : V — > V, u(x) = ax* a is weakly compact. 

Proof. First we show that (2) implies (1). Let u : V —> V, u(x) — ax*a be a 

compact operator. Then the extension of u to the linking algebra A(V) of V is 

... (0a\(xix 2 \(0a\ ( ax 3 a \ 
compact as well, since [ q ) [ X3 X4 ) [ ) = [ ) S V, 

where ( Xl X2 ) £ A(V). It follows that the operator u : A(V) -4 A(V), u(x) = 

axa is compact. From |16) there exists a faithful representation tt of A(V) such that 
7r(a) is a compact operator. 

Now we show the implication (1)=>(2). Suppose there exists an isometric rep- 
resentation i of V on a Hilbert space H so that n(a) is a compact operator on 
H. Then (see [14]) the map u\ : B(H) — > B(H), ui(x) = TT(a)xn(a) is compact. 
Obviously, the map u 2 : B(H) — > B(H), U2(x) — 7r(a)x*7r(a) is compact as well. 
Therefore, the restriction of u 2 to 7r(V) is a compact operator. Since tt is an isometry 
the result follows. 

That (1) implies (3) can be readily verified. 

Applying the arguments at the beginning of this proof and Theorem 13.91 we 
deduce that (3) implies (1). □ 



Remark 3.11. Let V be a TRO. It follows from Remark 12.21 and Theorem 13.51 that 
the weak compactness of cpy(a) does not imply its norm compactness. On the other 
hand, we would like to note that the norm compactness and weak compactness of 
mapping u : V — > V, u(x) = ax* a are equivalent. 
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